Foxby duality has proven to be an important tool in studying the category of modules over a local Cohen-Macaulay ring admitting a dualizing module. Recently the notion of a semi-dualizing module has been given [2] . Given a semi-dualizing module the relative Foxby classes can be defined and there is still an associated Foxby duality. We consider these classes (separately called the Auslander and Bass classes) and two naturally defined subclasses which are equivalent to the full subcategories of injective and flat modules. We consider the question of when these subclasses form part of one of the two classes of a cotorsion theory. We show that when this is the case, the associated cotorsion theory is not only complete but in fact is perfect. We show by examples that even when the semi-dualizing module is in fact dualizing over a local Cohen-Macaulay ring it both may or may not occur that we get this associated cotorsion theory.
The Foxby classes
Throughout this paper R will always be a commutative noetherian ring. For use throughout the paper we quote the following easy result.
Lemma A. Let R, S be rings, let F, G be covariant right-exact (resp., contravariant left-exact) additive functors from the category of R-modules to the category of S-modules and let ψ : F → G be a natural transformation such that ψ(M) is an isomorphism for all finitely generated modules M. If furthermore ψ(M) is an isomorphism for all free modules M, then ψ is an isomorphism.
Definition 1.1. A finitely generated R-module C is said to be a semidualizing module for R if (i) Ext i (C, C) = 0 for i ≥ 1
(ii) the canonical map R → Hom(C, C) is an isomorphism.
If furthermore C has finite injective dimension then C is said to be a dualizing module for R.
Throughout the rest of this paper C will always denote a semidualizing module for R.
It is not obvious that a local ring admits semi-dualizing modules other than itself and, possibly, a dualizing module. The question concerning their existence was posed in 1985 by Golod (see [7] ) and in 1987 Foxby gave examples of rings with three different semi-dualizing modules (see Christensen ( [2] , pg. 1874) for examples of local Cohen-Macaulay rings having at least n different semi-dualizing modules (for any n ≥ 1)).
In our situation there are two classes of modules associated with C. 
When R is local Cohen-Macaulay and C is dualizing A and B have a nice description in terms of Gorenstein projective and injective dimensions ( [6] , corollaries 2.4 and 2.6).
We note that for any C, R ∈ A and C ∈ B, both classes are closed under direct sums, direct summands and direct limits. and products. Since C is finitely presented, Tor i (C, −) and Ext i (C, −) commute with products for any i ≥ 0. So both classes are closed under products. If F is flat, then by Lazard's thesis F is a direct limit of projective modules. So if M ∈ A and N ∈ B, then F ⊗ M ∈ A and F ⊗ N ∈ B. And so R ∈ A gives F ∈ A . The next result gives that E ∈ B for all injective E. 
We see that µ M is an isomorphism if and only if ν Hom(M,E) is an isomorphism for all injective E.
The preceding Proposition raises the question of whether we get the analogous result concerning N ∈ B. Proof. Let E be an injective module. Then the canonical map M⊗Hom(N, E) → Hom(Hom(M, N ), E) is an isomorphism for all finitely generated modules M by Lemma A. Deriving both sides and putting M = C we obtain the isomorphism
Applying LemmaA again we obtain that, hence, the canonical map Hom(N, E) → Hom(M ⊗ Hom(C, N )E) is an isomorphism for all finitely generated modules M. Deriving both sides as functors in M and putting M = C, we obtain the isomorphism
These two isomorphisms immediately imply Proposition 1.6.
Foxby duality and cotorsion theories
In this section we again let C be a semi-dualizing module for R and again let A and B denote the associated Auslander and Bass classes. 
If we consider the commutative
The argument that Hom(C, N ) ∈ A for N ∈ B is similar. Now it is clear that the two functors given an equivalence of categories. Now given our equivalence A ← → B we note that F ⊂ A and E ⊂ B where F and E are respectively the class of flat and of injective modules. The image of the class F under A → B is denoted W (R) or W and the image of E under B → A is denoted U(B) or U. So W consists of all the modules C ⊗ F with F flat and U of the modules Hom(C, E) with E injective.
It is well known that any module (over any ring) has an injective envelope. Recently it has also been shown that every module has a flat cover [1] . We will consider the analogous questions using the classes of modules W and U. We first note that both W and U are closed under direct sums, summands and direct limits and direct products.
is an automorphism of G, then φ is said to be a G-cover. G-preenvelopes and G-envelopes are defined dually.
If, for example, G is the class of flat modules, then a G-cover is just called a flat cover.
Theorem 2.4. Every module has a W -cover and a U-envelope.

Proof. For any module
. This map can be extended to a map E →Ē which in turn gives a map Hom(C, E) → Hom(C,Ē). But then the composite M → Hom(C, E) → Hom(C,Ē) is the original map
) is our given map, then applying C ⊗ − and using the fact that c ⊗ Hom(C, E = E is an injective envelope, we see that C ⊗ f is an automorphism of E.
The argument that every module N has a W -cover is similar. We just start with a flat cover F → Hom(C, N ) and argue that It is natural to ask when ( ⊥ U, U) and (W , W ⊥ ) are cotorsion theories. This question will be answered in Theorems 2.10 and 2.11 below. We begin with the following auxiliary result. Proof. Let E , E be injective and let 0 → Hom(C, E ) → G → Hom(C, E ) → 0 be exact. Since Tor 1 (C, Hom(C, E )) = 0 we have 
) E ⊂ U where E is the class of injective modules
To get e) → d), let M ⊂ E with E injective. Then we have a commutative diagram
e) → f) is trivial. To get f) ⇒ e), letĒ be an injective cogenerator. Then if E is injective we have E ⊂Ē (I ) for some set I . SinceĒ → Hom(C, C ⊗Ē) is injective, so isĒ (I ) → Hom(C, C ⊗Ē) (I ) ∼ = Hom(C, C ⊗Ẽ (I ) (since C is finite generated). But we have a commutative diagram
and we quickly see that
→ 0 splits. So M is a direct summand of U . Since U is closed under direct summands we see that M ∈ U.
We also have Theorem 2.11. The following are equivalent:
Proof. The proof is analogous to that of the preceding theorem. 
Examples with dualizing modules
We recall that a module D is said to dualizing if it is semi-dualizing and if inj. dim D < ∞. In this section D will always be dualizing for R and U will always be the class of modules Hom(D, E) with E injective. Our rings R will always be local and Cohen-Macaulay. We will show that if dim R = 0, then ( ⊥ U, U) is a cotorsion theory if and only if R is Gorenstein. Of course, if R is Gorenstein of any dimension then ( ⊥ U, U) is a cotorsion theory (U is just the class of injective modules). For any d ≥ 1 we will show there are examples of our rings R of dimension d which are not Gorenstein but for which ( ⊥ U, U) is a cotorsion theory and such examples where ( ⊥ U, U) is not a cotorsion theory.
Proposition 3.1. If R is local and artinian and R is not Gorenstein, then
is not a cotorsion theory.
Proof. By Theorem 2.12 e) it suffices to argue that
. By the remark above, k is in the kernel of this map.
Remark 3.2. If R is local artinian, let S ⊂ R be the socle of R and let dim k S = p where k is the residue field. If p is a prime, then the only semidualizing modules C for R are E(k) (the dualizing module) and C = R. For if m is the maximal ideal of R and T ⊂ C is the socle of C then Hom(C/mC, T ) is the socle of R = Hom(C, C). But its dimension over k is dim C/mC ·dim T . So either dim C/mC = 1 or dim T = 1. Then it is not hard to see that C = R in the first case and C = E(k) in the second. 
Then R is local, Cohen-Macaulay and of dimension 1. But R is not Gorenstein since the submonoid of N generated by 3, 4 and 5 is not symmetric.
The R-submodule D of k [[x] ] generated by x and x 2 is dualizing for R. We argue that E → Hom(D, D ⊗ E)) is an injection for the injective cogenerator
So for this to happen there must be y, y 2 ,
Since it is easy to check that the modules of relations between x and x 2 (as a submodule of R 2 ) is generated by (
Remark. It would be of interest to characterize the submonoids S = a 1 , a 2 
This and some of the isomorphisms below can be found in (Park [9] ). For completeness, we give short arguments for them.
Also, for any
Hence M is any R-module, and P 1 → P 0 → M → 0 is exact with P 1 , P 0 projective, we get the commutative diagram
If we furthermore assume
These isomorphisms then give Ext
From these isomorphisms it easily follows that if C is semi-dualizing for [4] , Proposition 2.7).
Letting R be a local artinian ring which is not Gorenstein and 
